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Abstract 

Let be a domain in and h{(p) = Ylt: z=i(dfc9?, Ckidiip) a quadratic form 
on -^ 2 ( 11 ) with domain where the Cki are real symmetric Loo(ll)- 

functions with C{x) = {cki{x)) > 0 for almost all a; G 12. Further assume 
there are a, 5 > 0 such that a~^dY / < D < a d/ J for dr < 1 where dr is 
the Euclidean distance to the boundary F of 12. 

We assume that F is Ahlfors s-regular and if s, the Hausdorff di¬ 
mension of F, is larger or equal to d — 1 we also assume a mild uniformity 
property for 12 in the neighbourhood of one 2 : G F. Then we establish that 
h is Markov unique, i.e. it has a unique Dirichlet form extension, if and 
only if d > 1 -|- (s — (d — 1)). The result applies to forms on Lipschitz 
domains or on a wide class of domains with F a self-similar fractal. In 
particular it applies to the interior or exterior of the von Koch snowflake 
curve in or the complement of a uniformly disconnected set in R'^. 
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1 Introduction 


The theory of diffusion processes has a distinct probabilistic character and is most nat¬ 
urally studied on Li-spaces. Consequently much of the analysis of such processes has 
relied on methods of stochastic differential equations or stochastic integration. Our aim, 
however, is to examine symmetric diffusion problems on domains of Euclidean space with 
the techniques of functional analysis and semigroup theory. In particular we focus on 
the characterization of uniqueness of the Li-theory on domains with rough or fragmented 
boundaries. First we formulate the problem of diffusion as a problem of Ending extensions 
of a given elliptic operator which generate semigroups with the general characteristics 
suited to the description of difiusion. 

Let n be a domain in R'^, i.e. a non-empty open connected subset, with boundary dfl 
and S = {S't}t>o a strongly continuous, positive, contraction semigroup on Li{Q). If the 
positive normalized functions in Li{Q) are viewed as probability distributions then S has 
the basic properties required for description of their evolution with time. For brevity we 
refer to S' as a difiusion semigroup. We define S to be symmetric if 

( 1 ) 

for all (f G all -0 G fl and all t > 0. It follows that S extends by 

continuity from Li{Q) fl L^oi^) to a weakly* continuous semigroup on Loo(f^) which we 
also denote by S. The extended semigroup is automatically equal to the adjoint semigroup 
S' = Then S can be defined on Lp{Q) for each p G (1, oo) by interpolation. In 

particular S' is a self-adjoint, positive, contraction semigroup on L 2 {fl). If H is the positive, 
self-adjoint generator of S it then follows from the Beurling-Deny criteria (see, for example, 
|RS78j j that the corresponding quadratic form h{(p) = ||if(y9||2 with (p G D{h) = 
is a Dirichlet form. Therefore the semigroup S' is submarkovian, i.e. if 0 < (p < 1 then 
0 < Stp> < 1 for alH > 0, by the theory of Dirichlet forms |BH91j |FOT94j . 

Next define the operator Hq on the domain D{Hq) = C'“(r2) by 

d 

Ho(p = Cki dip ( 2 ) 

k,l=l 

where Cki = cik G are real and the matrix of coefficients C'(x) = {cki{x)) > 0 for 

all a: G D in the sense of matrix order. The corresponding difiusion problem consists of 
classifying all extensions of Hq to Li{Q) which generate symmetric difiusion semigroups. 
One can establish the existence of at least one such extension by quadratic form techniques. 
Let h-o be the positive, quadratic, form associated with Hq on L2{^1), i.e. 

d 

ho{p) = {p,Hop) = '^{dkP,Ckidip) (3) 

k,l=l 

for all p G Diho) = C'“(D). Since Hq is a symmetric operator on L 2 {H) the form ho is 
closable and the closure, which we denote by is automatically a Dirichlet form |BH91] 
[FOT94] . The corresponding positive, self-adjoint operator Hd, the Friedrichs’ extension 
of Hq, generates a positive, contraction semigroup on L 2 {fl) which extends to a similar 
semigroup on each of the Lp-spaces. The extension to Li(D) automatically satisfies the 
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symmetry relation ([^. Therefore generates a symmetric diffusion semigroup on Li(f2). 
The extension Hq corresponds to Dirichlet boundary conditions on dQ. But the same 
argument establishes that each Dirichlet form extension of ho determines the generator of 
a symmetric diffusion semigroup on Li{Q). Therefore there is a one-to-one correspondence 
between extensions of Hq on Li{Q) which generate symmetric diffusion semigroups and 
Dirichlet form extensions of ho on L 2 (D). The classihcation of extensions of Ho which 
generate symmetric diffusion semigroups on Li{Q) is now reduced to the more amenable 
and transparent problem of classifying the Dirichlet form extensions of ho on L 2 (D). 

The Dirichlet form extensions of ho have a fundamental ordering property. The closure 
ho is the smallest Dirichlet form extension of ho but there is also a largest such extension 
hisf- The maximal extension hjsi is dehned on the domain 

D{h„) = : r(^) g _ 

where r((p) = Ylt i=i^ki{dk^){di(p) is the carre du champ, by setting 

hN{^) = / dxT{ip){x) 

Jn 

for if G D{h]s[)- Then hAr is a Dirichlet form and the associated operator is the 
extension of Ho corresponding to generalized Neumann boundary conditions. But if k 
is a general Dirichlet form extension of ho then D{hD) C D{k) C D{h]^) (see |FQT94j . 
Section 3.3, |RSllaj . Theorem 1.1, or |RSllbj . Theorem 2.1). Thus hjv < h < h^ in 
the sense of ordering of quadratic forms. Clearly all the Dirichlet form extensions k are 
equal in the interior of D and differ only by their behaviour at the boundary. If d = 1 
then a classihcation of the possible extensions can be extracted from the general analyis 
of Feller [Fel54] . But a classihcation of the extensions in terms of boundary conditions 
seems well beyond reach if d > 2. The multi-dimensional problem is complicated by 
the wide range of geometric possibilities for D and the wide variety of possible boundary 
conditions. Nevertheless these observations give a direct approach to the characterization 
of uniqueness of a Dirichlet form extension and consequently the uniqueness of the solution 
to the dihusion problem. 

First dehne the form ho to be Markov unique if the closure h^ is the unique Dirichlet 
form extension. Thus ho is Markov unique if and only ii hn = hjsf- It was established in 
[RSI la] [RSllbj (see also Section]^ that this latter condition is equivalent to the boundary 
dQ having capacity zero measured with respect to the form h^. This criterion is a property 
which depends on the degeneracy of the coefficients Cki near the boundary together with 
the regularity and uniformity properties of dfl. It does not, however, depend on any 
smoothness of the coefficients. Therefore in the subsequent analysis of the uniqueness 
problem we replace the assumption Cki G IF^’“(D) by the weaker assumption Cki G L^{Vl). 
Specihcally we now assume that ho is dehned by (|^ with real coefficients cu = cik G Loo (f^) 
and with C{x) = {cki{x)) > 0 for almost all x G D. Then for each compact subset K C fl 
there is a > 0 such that C{x) > ckI for almost all x G iF. Hence ho is closable 
(see |MR92j . Section II.2b) and one can again dehne h^ as the closure. Moreover h^r, 
dehned as above, is again a Dirichlet form (see |OR12j . Proposition 2.1). Therefore one 
can analyze the Markov uniqueness condition h^ = h^ in this broader framework. This 
equality depends critically on the behaviour of the coefficients on the boundary and we 
next formulate an appropriate degeneracy condition. 
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Let d{x ; y) denote the Euclidean distance from x to y and B{x-^r) the open Euclidean 
ball with centre x and radius r. Further set dA^x) = inf^g^ (i(a;; z) for each non-empty 
subset A C R'^. Then, denoting the boundary of hi by T, we assume there is a 5 > 0 and 
for each bounded non-empty subset A C T there are a, 6 , r > 0 such that 

adrix)^! <C{x) < hdr{xYl (4) 

for almost all x & Ar where A^ = {x ■. dA{x) < r} is the (inner) r-neighbourhood of A. 

Next we place some mild geometric restraints on the domain hi. 

First we suppose that E satisfies a property of Ahlfors s-regularity. Specihcally we 
assume that there is a regular Borel measure /r on T and an s > 0 such that for each subset 
A = r n B{xo ; Rq), with xq € T and Rq > 0, one can choose c > 0 so that 

c~^ < y{Ar\ B{x ;r)) < cR (5) 

for all X ^ A and r G (0,2i?o)- This is a locally uniform version of the Ahlfors regularity 
property used in the theory of metric spaces (see, for example, the monographs |DS97j . 
l^mOU, [H ei nu or |MT10j ). It implies that y and the Hausdorff measure W on T are 
locally equivalent and s = dni^), the Hausdorff dimension of T. The terminology regular 
is somewhat misleading as an Ahlfors regular boundary can be quite ‘rough’, e.g. the 
boundary of the von Koch snowflake (see Section]^ is Ahlfors regular. Condition (|^ does, 
however, imply that T is regular in the sense that each of the subsets = T fl R (x; r) 
with X G T has Hausdorff dimension s. 

Secondly, if s > d — 1 we assume a local form of the uniformity property introduced 
by Martio and Sarvas |MS79] . If z G T and i? > 0 set H fl R(z;i?). Then 

is defined to be H-uniform if there is a a > 1 such that for all x, ?/ G ^z,r there is a 
rectihable curve 7 : [ 0 , 1 ] 1 —>■ hi with 7 ( 0 ) = x, 7 ( 1 ) = y and length at most ad{x]y) such 
that d^iw) > a~^{d{x ]w) A d{w;y)) for all w G 7 ([ 0 ,1]). Note that the curve 7 is in H 
but is not constrained to flz,R- 

The local uniformity condition has two elements. First, if an arbitrary pair of points 
x,y E ^z,R can be joined by a rectihable curve in H then flz,R must belong to a connected 
component of hi fl B{z,aR) (but note that Qz,r need not be connected). Secondly, it 
is necessary for the detailed properties of the curves 7 that the boundary subset T^ = 
r n B{z]R) has the characteristics of the boundary of a uniform domain. For example, 
if d = 2 then outward pointing parabolic cusps, inward pointing antennae or slits which 
separate locally are all forbidden. 

The foregoing assumptions allow a rather simple characterization of Markov uniqueness 
in terms of the order of degeneracy S of the coefficients of the form Hq at the boundary T 
and the Hausdorff dimension s. 

Theorem 1.1 Let Q be a domain in R'’* with boundary T. Assume T satisfies the Ahlfors 
s-regularity property (|^ with s G (0,d). Further, if s E [d — l,d) assume there is a z E T 
and an R> 0 such that LL^^r is Ll-uniform. Finally assume the coefficients of the form ho 
satisfy the degeneracy condition (|^ for d > 0. 

Then the form h^ is Markov unigue, i.e. hr, = hjq, if and only if 6 > 1 - 1 - (s — (d — 1)). 

Theorem O is a straightforward illustration of our principal results. In the sequel (see 
Section]^ we describe situations with the index of regularity s and the order of degeneracy 
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6 taking different valnes on distinct components and faces of the bonndary. This introdnces 
a nnmber of extra complications but the basic elements of the proofs are already contained 
in the proof of the simpler theorem. 

Despite the relative simplicity of Theorem |1.1| it does cover a variety of interesting 
examples. First if D is a Lipschitz domain then the regularity and uniformity assumptions 
of the theorem are valid with s = d — 1 (see Section]^. Therefore Hq is Markov unique if 
and only if 5 > 1. Secondly, the theorem also applies to a broad class of domains whose 
boundaries are self-similar fractals. In particular it is applicable if d = 2 and D is the 
interior, or exterior, of the von Koch snowflake. Therefore ho is Markov unique if and 
only if (5 > s with s = log 4/log 3, the Hausdorff dimension of the snowflake. Thirdly, 
the conclusions of the theorem are stable under the subtraction of Ahlfors s'-regular sub¬ 
sets of the interior of D with s' < s (see Corollary 3.7). Finally let F be a uniformly 
disconnected subset of R'^ (see, for example, |Hei01j Section 14.24). MacManus, |Mac99j 
page 275, observed that by the compactness argument of Vaisala, |Vai88j Theorem 3.6, 
the complement D = R'^\F is a uniform domain. (We give an explicit proof of this result 
Therefore Theorem O in combination with this observation immediately 


in Lemma 3.9 


gives the following corollary. 


Corollary 1.2 Let D = R'^\F where V is a closed uniformly disconnected set satisfying 
the Ahlfors s-regularity property ([^ with s E (0, d). Further assume the coefficients of the 
form ho satisfy the degeneracy condition (|^ for d > 0. 

Then the form ho is Markov unigue, i.e. hjy = hj^, if and only if d > 1 -|- (s — (d — 1)). 


In particular if F is the usual Cantor dust with granular ratio A G (0,1/2) then F 
is uniformly disconnected and s = dniT) = dlog2/log(l/A). This is of interest as the 
Hausdorff dimension can take all values between 0 and d as A varies from 0 to 1/2. Note 
that by setting 5 = 0 and C{x) = I one deduces that the Laplacian dehned on C“(D) is 
Markov unique if and only if dniT) < d — 2. 


2 Preliminaries 


In this section we gather some preliminary results which are needed in the proof Theo- 
First we recall some earlier results which characterize Markov uniqueness by a 


1.1 


rem 

zero capacity condition on the boundary F. Secondly, we establish some implications of 
Ahlfors regularity and local uniformity of the boundary. 

The Markov uniqueness criterion ho = h^ is hj dehnition equivalent to the density, 
with respect to the iA(h 7 v)-graph norm i-)- ||'?/’||d(/ijv) = (^^( 1 /) 4- of ^'“(D) in 

D{hi^). But this criterion is a boundary condition and in earlier papers |RSllaj |RSllb] 
|Robl3] it was established that it is equivalent to F having zero capacity relative to the 
form ho- These earlier results were stated for forms with coefficients Cki E hF^’°°(D) 
or fFio/°(D) but in fact no smoothness of the coefficients is necessary. The property 
of importance is the density in D{hisf), equipped with the graph norm, of the subspace 
{D{h]s[) n Loo(f^))c of bounded functions in D^h^) with compact support in D. This den¬ 
sity property follows from the boundedness of the coefficients Cki of ho- In fact the density 
holds for large classes of coefficients which grow at inhnity but fails in general (see |Maz85j , 
Section 2.7, or |OR,12] . Lemma 2.3, and |Robl3] . Section 4). 
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The capacity of a subset A of relative to the form Hq is dehned by 

cap;jjj(y4) = inf | ||'0||i)(/i^) : V’ ^ 0 < V’ < 1 and there exists an open set 

U C such that U ^ A and '^ = lonl7nr2|. 


The dehnition of cap^jg (A) is analogous to the canonical dehnition of the capacity associated 
with a Dirichlet form |BH91j |FOT94j and if bl = the two dehnitions coincide. The two 
capacities share many general characteristics. If A is measurable then cap;jQ(74) > 1^41 where 
|A| denotes the Lebesgue measure of A. Moreover, the map A —)■ cap;jjj(y4) is monotonic, 
if An is an increasing family of measurable sets then cap;jj^(U„>iy4„) = lim„^oo cap;jjj(y4„) 
and if An is a decreasing family of compact sets then Ccqif^^{p[n>iAn) = lim^^oo Ccqij^^{An). 
The following proposition is a slight extension of Theorem 1.2 of |R,Sllaj . 

Proposition 2.1 Let Q be a domain in R*^ with boundary T and the quadratic form 
with Loo-coefficients defined by ([^. 

The following conditions are equivalent: 


I. — hjq, 

II. cap;,^(r)=0. 


Theorem 1.2 of |RSlla] gives a similar statement for Cki G lT^’“(b2). This smoothness 
property ensures that h^ is the form of a symmetric operator. But the argument used to 
establish the statement does not depend on smoothness. It is a quadratic form argument 
which applies equally well for Cki G Too(bl) 

The degeneracy conditions Q and regularity conditions (|^ have not been assumed 
in Proposition 2.1 The upper bounds of (|^ and the lower bounds of (|^ are, however. 


critical for the subsequent verihcation of the criterion cap;j^(r) = 0 (see Section]^. Another 
crucial factor is the growth in volume of inner neighbourhoods = {x G 12 : dA{x) < r} 
of subsets A of T. The simplest estimates on the growth are given by the following lemma. 


Lemma 2.2 Let A be a bounded non-empty subset of the boundary T of the domain 12 and 
pi a regular Borel measure on A. 

I. If there exist a,R > 0 and s G (0, d) such that p,{A D B{x ;r)) > ar^ for all x ^ A 
and all r G (0, R) then there exists a c> 0 such that 

|A,|<c/-* (6) 


II. 


for all r G (0, R). 


If there exist b,b',R' > 0 and s G (0, d) such that p.(A fl B{x]r)) < br’^ and in 
addition |12 fl B{x]r)\ > h' r^ for all x & A and all r G {0,R') then there exists a 
c' > 0 such that 


|A,| > 


(7) 


for all r G (0, R!). 


Proof If 12 = R'^ and A is a general bounded non-empty subset then the proposition 
follows from Lemma 2.1 in |Sal91j . The proof of the latter lemma is based on a standard 
packing/covering argument. 
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If n C R'^ then Statement is an immediate corollary of the fl = R'^ case because 
\Ar\ < |{x G R'^ : dA^x) < r}|. The proof of Statement is also a corollary of Salli’s 
argument but the lower bound on fl i?(x ;r)| is essential. □ 


Since the assumptions of Lemma 2.2p imply that |{x G R'^ : < r}! < for 

all small r > 0 it follows in the limit r —)■ 0 that 1^41 =0. In particular if the boundary T 
of the domain 12 is Ahlfors s-regular with s G (0, d) then |r| =0. 


The lower bounds on \Ay.\ given by the second statement of Lemma 2.2 depend on the 
bounds |f2 n i?(x ; r) I > h' r^. These latter bounds are not generally valid but require some 
additional assumptions. One general result in this direction is the following. 


Proposition 2.3 Assume the boundary T satisfies the Ahlfors s-regularity condition ([^ 
with s G (0, d — 1). If A = T^^ij for some z & V and some i? > 0 then there are c', R' > 0 
such that 


|A,| > c'r'^-^ 


( 8 ) 


for all r G (0, R'). 


Proof The proof follows by establishing that |f2 O R(x ; r) | = |R^ ft R(x ; r) | for all x G A 
and r > 0. 

Set B = B{x]r). If O' denotes the interior of the complement of O then R'^ = 
O U O' U T and |R'^ f) B\ = |0 0 R| + |0' fl i?| + |r ft B\. But it follows from the Ahlfors 
regularity that |r 0 R| =0. Now assume O' O R 7 ^ 0. Then T fl R separates O n R and 
O' n R, i.e. each rectihable curve in R starting at xq G O fl R and ending at xi G O' ft R 
has an intermediate point in T fl R. Therefore T fl R has topological dimension d — 1. 
Consequently, the Hausdorff dimension s of T fl R is greater or equal to d — 1 (see |HW48j . 
Section VIL4, or |Hei01j . Section 8.13). But this is a contradiction so one must have 
O' n R = 0. Hence |0 fl R| = jR'^ fl R| = |R(0 ; 1)| r'^. Now the lower bound (|^ follows 
from Statement [IT] of Proposition 2^ 


□ 


The lower bounds of Proposition 2^ are independent of any uniformity property of O. 
But if there is a z G P and R > 0 such that O^^^^ is 0-uniform then one has similar bounds 
for s G [d — 1, d) in the neighbourhood of the point of uniformity. 


Proposition 2.4 Assume the boundary P satisfies the Ahlfors s-regularity condition ([^ 
with s G [d — l,d). Further assume there is a z & V and an R > 0 such that flz,R is 
Q-uniform. 

It follows that if A = T;z,r /2 then there exist c',R' > 0 such that 

|A,| > (9) 


for all r G (0, R!). 

Proof It suffices to prove that there are 6' > 0 and R' G (0, R/2) such that 

|0^,R n R(x;r)| > 6'r'^ 

for all X G Tz^r /2 and r G (0, R!). Then Lemma EM applied to A = Tzfi /2 gives 
\Ar\ = |{x G O : dA(x) < r}\ = |{x G ^Iz,r : dr^_^/ 2 (x) < r}\ > c' r'^~^ 


( 10 ) 
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for r G ( 0 , B!). 

The estimate (10) is, however, a consequence of the uniformity of ^z,r by the following 
argument. 

Fix X G Tz^r /2 and y E fl with d{x;y) = r G (0,i?/2). Therefore y G flz.R- Let 
7 : [ 0 , 1 ] I—)■ be a curve joining x and y which satishes the local uniformity properties. 

Then \'-^{x ;y)\ < a d(x ;y) = ar. Thus d{t ]x) < a r for each t G 7 ([ 0 ,1]). But one also has 
drit) > a~^{d{t;x) Ad{t;y)). In particular if t is the midpoint of 7 then 2d{t;x) > r and 
drit) > (2cr)“^r. Consequently, B{t ; (2cr)“^r) C B{x ; (cr + (2cr)“^) r) fl Then replacing 
r by (cr + r one deduces that B{t]pr) C n B{x;r) for all r G (0, i?') with 

p = (1 + 2cr^)“^ and E! = 2ap R. Then (10) follows immediately with b' = |S(0 ; 1)| p'^. □ 


The bounds on 1^4^! for the subsets A = = T fl i?(x ; i?) of the boundary T of fl are 

The estimates are also related to the existence 


fundamental for the proof of Theorem 1.1 


of the Minkowski dimension dM{A) of A. There are a number of possible dehnitions of the 
Minkowski dimension but the appropriate dehnition in the current context would be 


dMiA) = d - limlog \Ar \/logr 

r-^-O 

whenever the limit exists. It follows, however, from the Ahlfors s-regularity of T that 
the limit exists and dM{A) = d^iA) = s. (For a fuller discussion of Ahlfors regularity 
property and the equality of various possible dimensions see |Leh08bj . Lemma 2.1, and 
[m 3 ], Theorems 4.1 and 4.2). 

Next we note that the Ahlfors s-regularity property ([^ implies local equivalence of 
Hausdorff measure and Hausdorff content. This is directly related to the observation 
that the regularity property implies local equivalence of the measure p and the Hausdorff 
measure In fact the lower bound in the Ahlfors property (|^ implies that if A = 
F n B{xo ; i?o) with xq G F and i?o > 0 then there is an a > 0 such that < a p{E) 

for all Borel subsets E A. Conversely, the upper bound of (|^ implies that there is a 
6 > 0 such that p{E) < b'H^{E) for all E (Z A. Hence p and "H® are equivalent on A and 
s = dn^A). (See, for example, [HeiPlj . Section 8.7.) 

Now the Hausdorff measure 77® (F^) of each Borel subset E of R'^ is dehned by 

W{E) = \\n^Hl{E) 

i—>0 


where 

00 

'Hl{E) = inf I diam(t/j)® : diam(t/j) < t; E , 

i=i 3 

for all > 0. But the Hausdorff content of E is dehned as 77^ (F^), i.e. there is no 
restriction on the diameters of the sets in the cover. Moreover, in these dehnitions it 
suffices to consider covers of E by balls Bj = B{xj ;rj) with Xj G E. 

Lemma 2.5 If F satisfies the Ahlfors s-regularity property ([^ and A = F n B{xq]Rq) 
with a:o £ r and Rq> Q then there is a c> such that 

nUE)<w{E)<cnUE) 


for all Borel subsets EGA. 
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Proof The lower bound follows directly from the definition of 1-i^ and To establish 
the upper bound let be a covering of E by balls Bj = B{xj ]rj) with Xj G E 

and r, > 0. Then 

N N 

W{E) < afi{E) < 

i=i i=i 

and taking the infimum over the possible covers one deduces that 'H^{E) < acT-Ll^i^E). □ 

Finally we derive an estimate which is relevant to the derivation of a local version of 
the weighted Hardy inequality. This will be of importance in the sequel. 

Proposition 2.6 Assume the boundary T of the domain H satisfies the Ahlfors s-regularity 
condition (|^. Fix z eT and r > 0. Then there is an a > 0 such that 

Hl^{TnB{x-,2dr{x)))>adr{xy ( 11 ) 


for all X G 

Proof First if y G F with dr{x) = d{x;y) then B{y ]dr{x)) C B{x ;2dr{x)). Hence 
'Hl^{Tr]B{x ;2dr{x))) > T-Ll^froB^y ; dr{x)). Secondly, if a; G then Fni?(a;; 2dr(a^)) ^ 
F^ s^. Thirdly, it follows from the foregoing that the Hausdorff content and the Hausdorff 
measure are equivalent on F^^ s^. Therefore to prove ( jlTj ) it suffices to prove that there is a 
6 > 0 such 

nyTnB{y;r)) > br^ 

for all y G F^^a^. But since is locally equivalent to /i one has 

'H^(F n i?(j/;r)) > ap(F ni?(j/;r)) >acF 

for all y G F^^a^ by the regularity assumption. □ 


3 Markov uniqueness 


In this section we give the proof of Theorem 1.1 It is in two parts. First we prove that the 


degeneracy bounds 5 > 1 + (s — (d — 1)) imply Markov uniqueness. This part of the proof 
is based on an argument given in |RSlla] . Secondly, we use local versions of the weighted 
Hardy inequalities derived in |KL09j |Lehl4] to prove that Markov uniqueness implies the 
degeneracy bounds. 


The first part of the proof is based on the observation of Proposition 2T that Markov 
uniqueness of ho is equivalent to the property cap;jjj(F) = 0. But it follows from the general 
monotonicity properties of the capacity that cap;jp(F) = 0 if and only if cap;j|j(H) = 0 for 
all bounded non-empty subsets H of F. The latter property is, however, a consequence of 
the arguments of |RSllaj . Proposition 4.2. 


Proposition 3.1 Let A be a bounded non-empty subset o/F. Assume there are 5 > 0 and 
b,Ri > 0 such that 


C(x) < bdA(xfl 


( 12 ) 












for almost all x G . Further assume there is a Borel measure ^ on A and c, i ?2 > 0 
such that 

^{Ar\ B{x]r)) > cF (13) 

for all X & A and r G (0, R 2 ) ■ 

If d > 6c where 5c = 1 + (s — (d — 1)) then cap;jp(74) = 0. 

Proof First by increasing the value of b and decreasing the value of c, if necessary, one 


may assume that Ri = R 2 = 1 in Conditions (12) and (13). 

Secondly, it follows from Lemma 2 .2p that there is a c > 0 such that |Ac| < for 

all r G (0,1). This upper bound only uses the regularity bound (13). 

Thirdly, define a sequence of functions s > 0 !-)■ pn{s) G [0, 1] by pn{s) = 1 for all 
s G (0,n“^], Pn{s) = — logs/logn for s G (n“^,l] and Pn{s) = 0 if s > 1. Then set pr,n = 
Pn o {r~^dA)- It follows that 0 < pr,n < 1, supppr,n ^ and Pr,n{x) = 1 if dA^x) < r/u. 
Therefore to prove that cap;j|j(74) = 0 it suffices to show that infr6(o,i] infn>i \\pr,n\\D{hN) = 0. 

Since 0 < pr,n < 1 and suppr^^n ^ Aj. it follows that ||? 7 r,n ||2 ^ l^r| < cr'^~^ for r < 1 
where the last estimate uses Lemma 2.2p But pr,n ^ D{hN), by construction, and 


hNiVr,n)= dxT{pr,n)ix) 

<b dxdA{xf \{Vpr,n){x)\‘^ ^bfiogny^ / dxl{^.,rn-^<dA{x)<T} dA{x)~^^~^'‘ 


where we have used the degeneracy bounds (12). If 5 > 2 then h]^{r]r,n) < ^ l^il (logn) ^ 
and inf„>i < cr'^~^. Since this conclusion holds for all small r, and d > s, one 

deduces that infc6(o,i] mfn>i \\pr,n\\D(hN) = 0- Hence cap;,Q(H) = 0. 

If, however, 5 < 2 then 


In 


dx I ^x:rn~^ <dA{x)<r} dA{x) ^ ^ ^ r / dx ^^x-.n~^<r~^dA(x)<l} {j" dA{xf) 

Jn 

dx l{x:n-i<r-^dAix)<l} + (2 “ 5) [ dtt~^^~^A 

^ 11 — ^dA{x) 


= 

1 dx 

J 

'n 

</-2( 

\Ax 1 + (2 - 

\Art\ < C 

{rty-^ by 

<dAix)<r} 

dA{x)~^‘^~' 


j dxl{x:rn-i<dA{x)<r}dA{x) < Cr^ (^1 + (2 - 5) j ^dtt ^t^ 

< c (1 + (2 — 5) logn) 

where we have used the assumptions r < 1 and 6 > 6c- It follows by combination of these 
estimates that if 2 > 5 > 5c then 

Whr,n\?D{h^) < cr^~" + bc{2- 5) (logn)-^+ 5c(logn)“^ 

for all r G (0,1]. Therefore inCe(o,i] inf„>i \\prAD{hM) = 0 and capi^^{A) = 0. □ 
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The assertion in Theorem |1.1| that the bound 6 > Sc suffices to establish Markov 
uniqueness is now a corollary of Propositions |2.1| and |3.1[ First note that dA{x) > dr{x) for 
all a; G so the bounds (12) formulated with follow from the similar bounds formulated 
with dr- Therefore the upper bound of the degeneracy condition Q is sufficient to deduce 
from Proposition 3.1 that cap;j|^(74) = 0 for all the subsets A = T n B{x ;R) with x G P. 
Then cap;jjj(r) = 0 by the monotonicity properties of the capacity. Finally ho = by 
Proposition 2.1[ 


Remark 3.2 Proposition 3.1 can be strengthened by comparison of the capacity cap^^^ 
as a non-additive measure on F and the Hausdorff measure. The argument adapts well 
known results for the Laplacian on and the classical capacity (see, for example, |EG92j . 
Section 4.7 or |MZ97j . Section 2.1.7). This approach was used in |RSllbj Proposition 4.4. 
In particular if d < 2 one obtains a bound cap;jQ(y4) < But the regularity 

assumption ( [I^ implies that dniA) < s. Therefore if d > dc then dniA) <s<d + 5 — 2 
and = 0. Hence cap;jjj(H) =0. If d = dc the argument is slightly more intricate. 

Then the regularity property implies that < oo and this suffices to deduce that 

cap;jj^(y4) = 0 by adapting the reasoning of Section 4.7.2 in |EG92j or Theorem 2.52 in 
|MZ97] . 


Next we turn to the proof of the converse statement in Theorem |1.1[ the assertion that 
Markov uniqueness of the form ho implies that d > dc. The proof is based on weighted 
Hardy inequalities which are local versions of the Hardy inequalities given by Theorem 1.4 
of jKL09j and Theorem 1.2 of |Lehl4] . In conformity with these references we state the 
following propositions for all p G (1, oo) although in the current context they are only of 
interest for the case p = 2. We begin with the case where the degeneracy parameter d, i.e. 
the weight exponent, does not exceed p—1. Again H ; r) for 2 ; G F and r > 0. 


Proposition 3.3 Let Q be a domain in R'^ with boundary F. Fix z E T and r > 0. 
Assume there exist a > 0 and s G [0, d — 1] such that 


ni^{VnB{x]2dr{x))) > adr(x)* 


(14) 


for all X G Llz^r- 

Then for each p G (1, 00 ) and d < p-|-s — d there exists b > 0 such that the local weighted 
Hardy inequality 


dx dr{x)^\(V(p){x)\^ > b / dxdr{x)^ ^ \ip{x)\^ 


(15) 




is valid for all p G 


Proof The proposition is essentially a corollary of the proof of Theorem 1.2 of |Lehl4] . 
Assume hrst that d < p -|- s — d and d < 0. Then it follows from the assumptions and 
Theorem 4.2 of |Lehl4] that one has a pointwise version of the Hardy inequality (15) for 
all X G Qz,r and ip G G“(H). Explicitly there are q G (l,p) and c > 0 such that 


|(^(x)| < cdr{x)^-^/p(M2dridM^) l(V(p)(a))r) 


i/g 
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for all if G and x G ^z,r- Here denotes the restricted maximal fnnction defined 

by 

{Mr'4)){x) = snp \B{x-r)\~^ ! dy\'4){y)\ 

0 <r<R J B{x-,r) 

where R is allowed to depend on x. Bnt the maximal fnnction is L^^'^-bonnded. Therefore 
there is a Cp/q > 0 snch that 




dxdr{xY ^\(p{x)\P<c / dx [M 2 drix){drix)^'^^^ \{V(p){x)\'^ 

, p/<i 


<ccp/q dx (dr{xY'^^P\{V(p){x)\‘^ 


p/<i 


= b 


dxdr{xY\iV^){x)\P 


for all ip G C^{flz,r) where b = ccp/q. This proves the claim provided that 5 < 0. 

For 0 < 5 < p+s—d < p+{d—l) — d = p—1 we nse the following fact which is essentially 
from Lemma 2.1 of |Leh08a] : If the Hardy ineqnality (15) is valid for all p G C^{flz,r) with 


parameters p and S, and if a > 0, then a corresponding Hardy ineqnality also holds for all 
(fi G C^{Qz,r) with parameters p + a and S + a. This resnlt is formnlated in [LehOSa] only 
for fnnctions in C“(r 2 ), bnt the same proof applies verbatim for fnnctions in C'^{flz,r)- 
Now, since p — S>l and 0 < {p — 6) + s — d, we have by the hrst part of the proof that the 
Hardy ineqnality (15) is valid for all p G C^{Qz,r) with parameters p = p — S and ^ = 0. 


Then choosing a = 6 we dednce the Hardy ineqnality (15) for p and 6 from Lemma 2.1 in 
[LehnSaj . 


□ 


For weight exponents S > p — 1, the thickness condition (14) alone is not snfficient for 


the Hardy ineqnality (15), since in this case the geometry of the bonndary F also affects the 


validity of Hardy ineqnalities. Here we follow the ideas in [KLOQ] and use a local version of 
the sufficient condition for Hardy inequalities formulated in terms of the visual boundary 
near a point a; G H. For a hxed r > 1 this set, which we denote by r(,is(a:), consists of 
those y in the boundary F of H for which there is rectihable curve 7 : [0,1] 1 —>■ H U {y} with 
7 ( 0 ) = y and 7 ( 1 ) = x satisfying dr{'y{t)) > T~^d{'y{t);y) for all t G [0,1]. Although it is 
not generally true that r(,is(x) C Qz,r for x G VLz^r it is nevertheless true that there is an 
L > 1, whose value depends on r, such that I^is(x) C ^z,Lr for all x G Vtz^r- 
Now we have the following localized version of Theorem 1.4 of |KL09j . 

Proposition 3.4 Let Q be a domain in R'^ with boundary F. Fix z G F and r > 0. 
Assume there exist a > 0 and s G [0, d] such that 


'H^(Fvis(a;)) > adr{xY 


(16) 


for all X G 

Then for each p G (1, 00 ) and 6 < p + s — d there exists a b > 0 such that the local 
weighted Hardy inequality (15) is valid for all p G CY{^z,r)- 


Proof The proposition follows from the the proof of Theorem 1.4 of [KLOQ] in exactly 


the same way as Proposition 3.3 was proven above. Indeed, from the assumptions and 
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Theorem 5.1 of |KL09j one again obtains a pointwise version of the Hardy inequality for 


all X G and (p G C^(Q). Then the Hardy inequality (15) follows for all (p G C^(Qz,r) 
from the L^/'^-boundedness of the maximal function in the same way as in the proof of 
Proposition |3.3[ □ 


If p = 2 then the Ahlfors regularity and local uniformity properties introduced in 
Section allow one to deduce the following version of the Hardy inequality. 

Corollary 3.5 Fix z G F and r > 0. Assume H = T fl B{z;3r) satisfies the Ahlfors 
s-regularity property (|^ and that 5 < 2 +s — d = 1 + {s — (d — l)). If 6 > 1 we also assume 
that Flz,r I’S Fl-uniform. 

Then there exists an a > 0 such that 


dx dr{xy> a I dxdrixY \ip{x)\ 


(17) 




is valid for all tf G CyiVtz^r)- 


Proof If s < d — 1, the corollary is an immediate consequence of Proposition |3.3[ Notice 
that in this case necessarily h < 1. 

If s > d — 1 but d < 1, we use the fact that s-regularity implies the thickness condition 


(14) for s (cf. Proposition 2.6), and hence also for the exponent d — 1. Then the claim 


follows again from Proposition |3.3| applied with s = d — 1. 

Finally, if s > d — 1 and d > 1, we use Proposition |3.4[ Therefore we need to know 
that the visual boundary condition (16) holds for all x G But the local uniformity 


condition ensures that TnB{x ; 2dr{x)) C I7is(a;) (see Proposition 4.3 in [KLOQ] ). Therefore 

ni{T,Ux))>ni,{TnB{x-,2dr{x)))>adr{xy 


by Proposition 2^ Hence the assumption of Proposition 3A is valid, and the Hardy 
inequality follows. □ 

Note that the factor 3 occurring in the corollary in the radius of the enlarged balls has 
no particular signihcance. It could be replaced by any A > 1. 

Proposition 3.6 Fix z G P and r > 0. Assume H = P fl B{z]3r) satisfies the Ahlfors 
s-regularity property (|^ with s G (0, d) and that there are b,5 > 0 such that 


C{x) > hdr{xyi 

for almost all x G d/d > 1 we also assume that is Q-uniform. 
It follows that if ho is Markov unigue then d > 1 -f (s — (d — 1)). 


(18) 


Proof The proof is in three steps. First the lower bound (18) on the coefficients of the 

(19) 


form ho together with the Hardy inequality ([T^ gives the bounds 


do( 7 ’) > dc / dx dr{xy 

«/ V 


12 






















for all C’^{Vtz^r)- Secondly, the Markov uniqueness assumption allows the extension of 
(19) by continuity to a positive (p G D{hjq) with supp(p C Vtz,r and (p = 1 on where 
p G (0,r). One then immediately deduces that 


/ dxdr{xY ^ < oo . 

J Qz,p 

Thirdly, one argues that if5<2 + s — d then there is a contradiction. Hence one must 
have 6 > 2 s — d 

The details of the last two steps are as follows. 

Fix p G C'“(R'^) with 0 < < 1, supp p C B[z ] p + t) and p = 1 on B{z p) where 

p, r > 0 and p + t < r. Then the restriction p\^ of p to O, which we identify with <p, 
is in DiJiN)- But since = ho there is a sequence pn G 0“(r2) which converges to p 
in the at)- graph norm. Now fix y G C^^B^z^r)) such that 0 < y < 1 and y = 1 on 
B{z ] p + t). Again identifying y with y|n one has y p = p. But, by Leibniz’ rule, 

\\XVn-^\\\hf,) = l|x(V?n -<P)||d(A^) 

< 2 ||y||oo hN{,Pn -p) + {2 ||r(y)||oo + ||y||L) Wvn - vWl ■ 

Therefore \\xVn — v\\D(hM) —t 0 as n —)■ oo. Hence p is also approximated in the D^h^)- 
graph norm by the y<Pn G Thus 


oo > hj^{p) >bc I dxdr{xY ^ \p{x)\^ >bc I dx dr{x) 


\ 5-2 


by (19) and a continuity argument. 

Finally let Xlz,p:T = O^^pflFi- where Ft- is again the r-neighbourhood of F. If d < 2-|-s —d 
then d < 2 and there is an a > 0 such that 

f dxdr{xY-^> f dxdrix^-^ 

^2,p:T 

for p hxed and uniformly for all r > 0 with p-|-r < r. The second step uses the lower bound 
of Proposition 2.3 if s G (0, d — 1) or the lower bound of Proposition 2.4 if s G [d — 1, d). 
Since the lower bound on the integral diverges as r —)■ 0 one obtains a contradiction. 
Therefore d > 2 -|- s — d = 1 -|- (s — (d — 1)) = dc- 

Proof of Theorem 1.1| The theorem follows by combination of Propositions 3T and 
3.6 The degeneracy bounds (|^ include the upper (12) and lower (18) bounds on the 
coefficients. Hence both propositions are applicable. □ 


The foregoing proofs are essentially local and depend only on properties in the neigh¬ 
bourhood of the boundary. 

The proof that the degeneracy bound d > dc implies Markov uniqueness is a consequence 
of the local capacity estimates cap/^^ (A) = 0 for a suitable family of bounded subsets A of 
P. It depends on the assumption that d is constant, i.e. the value of d is independent of the 
choice of A. The neighbourhood of P enters the proof through the estimates |Ar| < br'^~^ 
on the r-neighbourhood Ar of A. These estimates are independent of the local H-uniformity 
(see Lemma 2. Il¬ 


ls 














The proof that Markov uniqueness implies 5 > (5c is strictly local; it only requires 
estimates on a neighbourhood for one z G T and all small r > 0. The global nature 
of the conclusion follows because 5 and s are constant. If s > d — 1 then the f2-uniformity 
of enters the proof in two distinct ways. First it is used to establish the local Hardy 
inequality through local identihcation of the visual boundary. Secondly, it is used to derive 
the local lower bounds |v4j,| > with A = rr\B{z ; p). Note that the second step in the 

proof of Proposition 3.6| can be reformulated in terms of the capacity. Markov uniqueness is 
equivalent to cap;jp(r) = 0 and this requires that cap;jp(r 2 _c) = 0. But a slight variation of 
the argument with the local Hardy inequality establishes that the latter capacity condition 
is incompatible with the degeneracy condition 6 < 2 + s — d. 

It might appear surprising that in the latter proof one only needs estimates near one 
point z G T and in the case s > (i — 1 this has to be a point of local uniformity. This 
can, however, be understood by noting that Markov uniqueness implies that the boundary 
T is inaccessible to the diffusion and this means that all parts of the boundary must be 
inaccessible. But the points z G T at which there is an f2-uniform neighbourhood are 
potentially the most accessible. Therefore if the degeneracy of the coefficients is sufficient 
to ensure that the corresponding sections T^of the boundary are not accessible to the 
diffusion then the rest of the boundary is automatically inacessible. This is the essence 
of the proof. The condition s > d — 1 is signihcant since it includes the case that the 
topological dimension of the boundary is d — 1. In the latter situation the boundary 
separates from its complement and provides a substantial barrier to the diffusion. In 
the low dimensional case, s < d — 1, the boundary is relatively negligible and uniformity 
is unnecessary. 

These observations immediately lead to a more general result. 


Corollary 3.7 Let H satisfy the assumptions of Theorem O and let ff' = H\r' where 
T' C Ll is a closed Ahlfors s'-regular set with s' G (0,s]. Further assume the coefficients of 
the form ho satisfy the degeneracy condition Q on the boundary dVt' = T U T' of Vt' with 
5 > 0 . 

Then the form ho is Markov unigue if and only if 6 > 1 -\- {s — {d — 1)). 


Proof First if s' = s then the assumptions of Theorem IM are satished with H replaced 
and F replaced by F U F'. Therefore there is nothing to prove. Secondly, if s' < s then 
S > 1 + (s — ((i — 1)) implies 6 > 1 + (s' — (ci — 1)). Hence one deduces that cap;^ (F) = 


0 = cap;jjj(F') from Proposition 3.1 Therefore cap;jQ(cm') = cap;jQ(F) + cap;jg(F') = 0 and 
hn = h]\f hy Proposition |2.1 


Thirdly, if hf) = h^ then it follows from Proposition 3.6 that d > 1 + (s — (ci — 1)). 
Note that as P and P' are disjoint the local arguments of the proposition still apply to P 
if r is sufficiently small. □ 


One can also prove an analogue of Corollary |3.7 in which a countable subset of H is 
excised. This is essentially an s' = 0 version of the foregoing. 

Corollary 3.8 Let kl satisfy the assumptions of Theorem 0 and let Vt' = f2\P' where P' 
is a countable subset ofQ. Set h'^ = ho|c“(o')- 

Then the form h'g is Markov unigue if and only if d>2 and (5 > 1 + (s — (d — 1)). 
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Note that in this corollary the coefficients of ho are assumed to satisfy the degeneracy 
condition Q on the boundary F of but not on the excised set F'. 


Proof of Corollary 3.8 First assume the regularity condition and the degeneracy con¬ 
dition hold on F. Then it follows as before that cap;j|j(F) = 0. Since the estimates are 
localized on the boundary F it also follows that cap;j^(F) = 0. Next we argue that if d > 2 
then cap;j/^(F') = 0. 

Let A = {xfc} with G F'. Then \Ar\ < cr'^ for all small r. Consequently, if d > 2 one 
concludes that cap/^^(A) = 0 by the estimates in the proof of Proposition |3.1| (Effectively 
s = 0 = d on F' and then d > 2 is the special case of the condition d > 1 -|- (s — (d — 1)) used 
in the calculation.) Since this argument applies for all Xk G F' it follows that cap;j^(F') = 0 
whenever d > 2. Therefore cap;^/ {dO!) = cap^^/ (F) -l-cap^j/ (F') = 0 and h'^ is Markov unique 


by Proposition 2.1 


Conversely if h'^ is Markov unique one must have cap/^/^ (9f2') = 0. But since ho is an 
extension of hg this implies that cap;jp(c?f2') = 0. In particular cap;jg(clf2) = 0 and one 
deduces that d > 1 -|- (s — (d — 1)) by the earlier arguments with the local Hardy inequality. 
Next the Markov uniqueness also implies that cap;j^(P') = 0. Therefore cap^j^dx^}) = 0 
for all Xk G P'. Now let Bk = B{xk ]r) where r is sufficiently small that Bk C and set 
B'j^ = Bk\{xk}- Since C{x) > 0 for almost all x G H it follows that there is a > 0 such 
that ho^ip) > Ck IIV 93 II 2 for all ip G C^{Bk). But there is an > 0 such that the Hardy 
inequality 

||V</9||2 > Ofc / dx\x - Xk\~'^\(p{x)\‘^ 

holds for all (p G C^{B'^) if 2 — d > 0 (see |KLn9j Example 7.2). Therefore 
h'Q{(p)>Ck\\V(p\\l>Ckak / dx\x - Xk\~‘^\(p{x)\^ 


for all if G C^{B'fJ). Then as hg is Markov unique these bounds extend to all ip G C^{Bk). 
Now choosing (p such that (p = 1 on B{xk /T) one has 

r /‘C2 

00 > / dx\x — Xk\~‘^ = uJi ds 

JB{xh\rl2) Jo 

with uji = |i?(0;l)| which contradicts the assumption that d < 2. Therefore one must 
have d > 2. □ 


Finally we return to Corollary 1.2 This is a consequence of Theorem 1.1 and the 
following lemma. Recall that F C is uniformly disconnected, if there exists a constant 
C > 1 such that for every z G F and all r > 0 one can End a closed set H C F such that 
T r\B{z,r/C) <Z A C B{z,r) and dist(H;F\H) > r/C. (For further details and alternative 
equivalent dehnitions see |Hei01j . Section 14.24.) 


Lemma 3.9 Let H C be a uniform domain and F a elosed uniformly disconnected 
subset ofQ. Then the complement f2\F is also a uniform domain. 


Proof MacManus, [H ac99j page 275, observed that the uniformity of = H\F can 
proved using the general compactness results of Vaisala |Vai88j but for the sake of com¬ 
pleteness we give a direct construction. 
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Let x,y E fl' and let 7 : [0,1] 1 —)■ f2 with 7 ( 0 ) = x, 7 ( 1 ) = y he the curve satisfying the 
uniformity condition with respect to with the constant cr > 1. We hrst modify 7 into 
a continuum E which satishes the conditions for ‘distance cigars’ in Section 2.4 of |Vai 88 ] 
with respect to (2', with a constant independent of x and y. More precisely, we show that 
if we choose a = 16 Ca > 0, where C > 1 is the constant from the dehnition of uniform 
disconnectedness, then diam(ii^) < ad{x;y) and dgfi'{w) > a~^X{w) for all w E E, where 
X{w) = d{x ; w) A d{w ; y). 

If dr{w) > a~^X{w) for all w E 7 ([0,1]), then we can take E = 'y and the claim 
follows. Otherwise set t'^ = 0 and let ti be the smallest of the numbers t E [t^, 1] for which 
<^r( 7 (^)) = 5 '“^A( 7 (f)). Then set wi = 7 (^ 1 ). If d{wi ;y) < d{wi ;x), we can end this part 
of the construction, and move to a corresponding construction starting from y. Otherwise, 
take .^1 G r with (ir('W^i) = d{wi ;zi), and let Ai C T be the closed set given by the dehnition 
of uniform disconnectedness for zi and ri = 4:Cdr{wi) = 4 0a~^X{wi). Furthermore, let 
El be a connected component of the set {w E : dA^{w) = ^ 1 / 20 } which intersects 
7 ([ 0 ,fi]) and separates x and wi] such a component exists since if dAi{w) = ri/ 20 , then 

d{x ; w) > d{x ; Wi) — d{wi ; w) > A(wi) — 2 ri > 4ri — 2 ri > ri/2C 

and (i/ij( 7 (fi)) = dr{wi) < ri/2C. 

Since dr{w) = ri/2C for all w E Ei, we obtain the following estimates: d{w ;wi) < 2ri, 
X{w) < 2ri + X{wi) < ^ri + ^ri < d-dr(w), 

(in the second inequality we used d = 16 O a > 8 O), and 

dan{w) > doQ{wi) - d(w ; wi) > a~^X{wi) - 2ri > 2ri > a~^X{w), 

where the penultimate estimate holds since (T“^A(r(;i) = 4ri by the choices of ri and d. By 
the above estimates we conclude that dgn'{w) > d~^X{w) for all w E Ei. 

Next, let be the largest of the numbers t E [ti, 1] for which 7 (f) G Ei. Then 
'^( 7 (^ 1 ) = d~^X{wi). If d{'y{t[) ;y) < d{'y{t[) ;x), we set ^2 = t'l and hnish 

this part of the construction. Otherwise we continue inductively and let ^2 be the smallest 
of the numbers t E for which dri'jit)) = a~^X{'y{t)), and denote W 2 = 7 (^ 2 )- If 

d{w 2 ; y) < d{w 2 ; x) or such a ^2 does not exist, we can hnish the construction. Otherwise, 
take Z2 E r with dr{102) = d{w2 ; Z2) and let y 42 C T be the closed set given by the dehnition 
of uniform disconnectedness for Z 2 and r 2 = 4C dr( 102 ). Let E 2 be a connected component 
of the set {w E : dA 2 {w) = r2/2C}, such that E 2 intersects the set 

7([0,ti]) UEi U7([f;,t2]) 

and separates x and W 2 , and let ^3 be the largest of the numbers t E [t 2 , 1] for which 
7 (f) G E 2 . As above, we see that dgn'iw) > a~^X{w) for all w E E 2 and that diyyit ^); W 2 ) > 
d“^A(tC 2 )- 

Continuing this way, we at some point reach tn E [0,1] such that diyyitn ); y) < 
since in each step we move from Wk to a point whose distance to Wk 

is bounded from below by d~^X{wk)- Now dehne 

n 

E^=[j U7([ffc_i,4]) 

k=l 
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with Eq = 0. Then is a continuum joining x to the point Wn = liin)- 

After this, we make the corresponding construction starting from y, i.e. from t = 1, 
and make t smaller at each step until we reach some tm G [ 0 , 1 ] such that tm < where 
tn is given above in the construction of E^. We obtain the corresponding continuum Ey 
joining y to the point 7 (tm)- Now E = E^ U Ey is a. continuum joining x to y, such that 
ddn'{w) > a~^X{w) for all w E E. Moreover, it is easy to show that for every w E E, 
the distance from w to 7 is at most diam( 7 ), and hence the diameter of E is bounded 
from above by 3 diam( 7 ) < 3ad{x ; y) < ad{x ; y). Finally, by |Vai 88 ] . Lemma 2.10, we can 
replace E hy a curve 7 : [0,1] 1 —)■ hi with 7 ( 0 ) = x, 7 ( 1 ) = ?/, which satisfies the conditions 
required in the dehnition of uniformity for hi' with the constant 2 d, and thus hi' is indeed 
uniform. □ 


Proof of Corollary |l.2[ Assume F is a uniformly disconnected set and Vt = R'^\F. Then 
is a uniform set by Lemma |3.9[ But F is the boundary of Therefore it follows from 


the uniformity of Vt that if 2 ; G F and i? > 0 is sufficiently small then is fl-uniform. 
Thus if F satishes the Ahlfors s-regularity property (|^ with s E (0, d) then Corollary 1.2 
follows directly from Theorem |1.1 


□ 


4 General boundaries 


In this section we discuss extensions of Theorem IM in which the assumptions on the 
boundary F are weakened. The advantage of Theorem 1.1 is that it covers domains with 
boundaries of all possible dimensions but the disadvantage is that the Ahlfors regularity 
property ensures that the dimension does not vary on the boundary. This restriction can, 
however, be relaxed and the conclusion of Theorem IM can be extended to domains whose 
boundaries have various components and faces with different regularity properties. 

The simplest situation occurs if the boundary is the union of separated components. 


Theorem 4.1 Let Q be a domain in whose boundary F is the union of a family {F^} 
of closed subsets indexed by a possibly uncountable set M where d{Ta ; F^) > do > 0 for 
all a,fi E M with a ^ (3. Assume that F^ is Ahlfors Sa-regular with Sa E (0,d). Further 
if Sa E [d — l,d) assume there are Za E Fq and Ra > 0 such that flza,Rc Ll-uniform. 
Finally assume the coefficients of the form h^ are 6a-degenerate on Fq, for do > 0. 

Then the form h is Markov unigue, i.e. ho = hj^, if and only if 6a > 6c,a for each a 
where 6c,a = 1 + (sa — (d — 1 )). 


Proof Note that d(F„; F^) denotes the Euclidean distance between the two boundary 
components F^ and F^. Moreover the condition that the coefficients are ‘d^-degenerate 
on Fa’ is understood to mean that for each bounded non-empty subset A C F^ there are 
o-a,ba,'r'a > 0 such that 

aadr^ixfM < C{x) < badrAx^M (20) 


for almost all x E A^^. This family of conditions is compatible because of the separation 
property of distinct components F^. Then the proof follows by applying the arguments 
which established Theorem IM to each component F^. 

The proof that 6 > 6c,a implies cap;jg(Fa) = 0 again follows from applying Propo¬ 
sition |3.1 to an increasing family of bounded sets A C F^. The separation assumption 
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ensures that this procedure does not present any additional problems. Once one has 


cap;jjj(ro) = 0 for each a then Markov uniqueness follows from Proposition 2.1 and the 
additivity property cap,,^{T) = 

The converse proof that Markov uniqueness implies 6a > 6c,a is also evident as it only 
involves the Hardy inequality (17) on the sets = O OB^Za ; Ra) for one Za € P® and 

one small Ra > 0. These inequalities follow, however, from Corollary 3.5 for each a. We 
omit further details. □ 


Theorem ]_T also extends to domains whose boundaries have a hnite number of regular 
faces but with different indices of regularity s. In the formulation of this extension we 
endow P with the relative (Euclidean) topology. 

The next result is divided into two statements analogous to Propositions ^ and m 

Theorem 4.2 Let Ll be a domain with boundary P = lj”h^ T)- where the Fj are a finite 
family of pairwise disjoint Ahlfors Sj-regular subsets, with sj G {0,d), which are open in 
the relative topology. Set 6c,j = 1 + {sj — {d — 1)). 

I. If for each j there is a 6j > 6c,j and bj, Vj > 0 such that for each bounded set A C Fj 
one has 0 < C{x) < bjdr{xY^I for almost all x E fl with dA^x) = dr{x) < Vj then 
ho = I'M- 

II. Further assume that if Sj > d — 1 then there is a Zj G Fj and an Rj > 0 such that 
Liz ,R is Ll-uniform. If Ld = and for each j there are 6j > 0 and bj,rj > 0 such 
that for each bounded set A C Fj one has C{x) > hjdrixY^I for almost all x E LI 
with dA^x) = dr{x) < rj then 6j > 6c,j. 

Proof Although the faces Fj are assumed to be disjoint the relative closures Fj can 
intersect in lower dimensional ‘edges’ Fj fl Fj, Fi fl Fj fl F^, etc. This creates a new 
problem in the estimation of the capacity of the various faces. This is the reason for 
considering the sets {x G H : dA^x) = dr{x) < rj} in the degeneracy condition. This set 
identihes the part of the r-neighbourhood of P which is closest to the set A G Fj. Therefore 
6j is a bound on the degeneracy of the coefficients on the j-th face of the boundary. 

The proof of Statement |T] is by a slight elaboration of the proof of Proposition |3.1 


If A is a bounded non-empty subset of P and Aj = An Fj then A = U^i Now 
dehne T]r,n as in the proof of Proposition |3.1| with 0 < r < inf^rj. Then 


Cjr 


d — s -}' 


||hr,n||2 — \I^r\ A ^ ^ ^ ' 

j=l i=i 

for all small r > 0 uniformly in n where Aj,. = {x G H : dAj{x) < r}. This follows by 


repetition of the reasoning in the proof of Proposition 3.1 


Next set Aj^r = {x G H : dA^ix) = dr{x) < r}. Since suppr/j-.n C A^, one has 


hN{j]r,ri) — 


j=l lA.r 


dxr{r]r,n){x) < 


i=i 


dxdF^{xf^\{Vr]r,n){x)\‘ 


lit n 

dxdAj{xf^\{Vr]r,n){x)\'^ 

j = l 

m « 

— (ffi§ ^ ^ 6j I dx L^x:rn~^<dj\ . {x)<r} dAj(,X^ ^ ^ 

i=i dn 
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Thus if 6j > 2 for all j one immediately has bounds 


hN{'nr,n) < \Aj^i\ (logU^ 

i=i 


-2 


uniformly for r < 1. Then inf„>i ||hr',n||o(/ijv) — all r < 1 and consequently 

cap^j (y4) = 0. Alternatively, if A< 2 for one or more j but 6j > Scj then one deduces 


as in the proof of Proposition 3.1 that hM{f]r,n) < &(logn) ^ for all n > 2 uniformly for 


r < 1. Again it follows that cap^j (A) = 0. Since this is valid for all bounded subsets A of 


T it follows by monotonicity that cap;jp(r) = 0. Hence hi) = by Proposition 2.1 


Statement [^follows directly from Proposition [3^ One now chooses z G Fj and replaces 


s by Sj and h by ^ 


r 


□ 


Theorem 1.1 and the foregoing extensions do not apply directly to domains where the 


boundary separates fl locally. More precisely, we dehne P as separating fl locally at 2; G P 
if there exist an r > 0 and open subsets of O such that P^^ separates and 


,, and O ,, U P^ 


of ^ ®^oh that 

Note that ^ and ^ need not be connected since 


can even contain inhnitely many components. If separates O locally then the Hausdorff 
dimension of P^^,. is greater or equal to d — 1. Therefore if P is Ahlfors s-regular one must 
have s > d — 1. The local separation rules out the possibility that is hl-uniform. 


Nevertheless, it is in fact enough for Theorem 1.1 that there exists at least one H-uniform 


component of ^z,ri say 11^^, but we omit further details. 


5 Illustrations and examples 


There are two constraints placed on the domain H in the foregoing discussion, Ahlfors 
regularity of the boundary and local uniformity near the boundary. To conclude we describe 
general situations for which these properties are valid and and specihc examples for which 
they can fail. We begin by examining the regularity property. 

First assume H is a Lipschitz domain. Specihcally assume that each boundary section 
A = r n B(z; R) with z G P and i? > 0 has a hnite cover by balls Bk = B(xk;rk), 
k = 1, ... ,N such that each subsection Aj. = A (1 B^ is, after a suitable rotation and 
translation of coordinates, the graph of a Lipschitz continuous function (p^. Then P has 
Hausdorff dimension s = d — 1 and measures the surface area of the boundary (see, 
for example, |EG92] Chapters 2 and 3). Moreover, it follows by a standard calculation 
(see |EG92j . 3.3.4B) that the Ahlfors regularity property (|^ is valid with /i = Since 
the boundary is locally ‘flat’ the G-uniformity property is automatically satished for all 
z & T. Therefore both the geometric assumptions on G in Theorem 
s = d — 1. 


1.1 are satished with 


Secondly, consider a domain G whose boundary P is (locally) a self-similar fractal (see 
[Fal97j |Fain3] L Specihcally assume that Fi,...,Fm are similarity transformations of a 
closed subset D of R'’*, with similarity ratios ri,..., and that P is the unique compact 
subset of satisfying the self-similarity condition P = If the F^. satisfy the 

open set condition introduced by Hutchinson |Hut81j then P is Ahlfors s-regular with s the 
unique solution of the equation rf + ... + = 1. (For details see (M97j, Chapter 2, and 

especially Exercise 2.11, or |Fain3j . Chapter 9.) These observations allow one to construct 
a multitude of domains with Ahlfors regular boundaries but the local uniformity condition 
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is not necessarily satisfied. We will illustrate this with various standard examples. The 
simplest and best known is perhaps the (modified) von Koch snowflake domain in two- 
dimensions. 



Figure 1: Modihed von Koch snowflake curve with A = 1/4. 

Example 5.1 (von Koch snowflakes) Let A G (0,1/3] and let Eq C be a line segment 
of unit length. Dehne Ei by replacing the middle segment of Eo with length A by the two 
sides of the equilateral triangle based on the middle segment. Thus Ei is the union of four 
line segments two of length A and two of length (1 — A)/2. It is the image of Eq under four 
similarity transformations with similarity ratios (1 — A)/2, A, A, (1 — A)/2. Next dehne E 2 
by repeating this procedure on each of the four segments of Ei. The (modihed) von Koch 
‘curve’ corresponding to the choice of A is the self-similar set obtained by iteration of this 
procedure. (See jFalOdj Example 9.5 and Figure 1.) Its Hausdorh dimension s is the unique 
solution of 2 A'^ -|- 2((1 — A)/2)® = 1. Thus s is a monotonically increasing function of A 
with values between 1 and log 4/log 3. In particular s —>■ 1 as A —)• 0 and s = log 4/log 3 
if A = 1/3. The von Koch snowhake domain hi is the bounded, simply connected, interior 
of the curve F obtained by applying this construction to the sides of a unit equilateral 
triangle with each von Koch curve pointing outwards. (The standard construction is with 
A = 1/3.) The boundary F is Ahlfors s-regular by the discussion preceding the example. 
All the von Koch domains and the corresponding unbounded exterior domains satisfy the 
Martio-Sarvas uniformity property. An explicit proof of uniformity (for A = 1/3) is given 
in jGSCllj. ProDosition 6.30. Therefore Theorem 0 applies directly to the quadratic 
form ho defined on the von Koch domains and since d = 2 one concludes that ho is Markov 
unique if and only if the degeneracy parameter S > s. 

Finally we consider two families of d-dimensional self-similar fractals which have very 
similar dehnitions but are of a quite different nature. Together these examples illustrate 
various possible features including the failure of the local uniformity property near the 
boundary. 

Example 5.2 (Vicsek snowflakes) Let A G (0,1/2) and let Eo be the unit cube centred at 
the origin of i.e. Eq = {x E R'^ : \xj\ <1/2, j = 1,, d}. Dehne Ei as the union of 
2 '^^ -|- 1 cubes consisting of the central cube of Eq with edge length 1 — 2A and the 2“* corner 
cubes of edge length A. Then F C Eo is dehned as the self-similar set obtained by iterating 
this procedure. (The case d = 2 and A = 1/4 is illustrated by Figure 0.5 in |Fain3] ). Thus 
F is invariant under 2'^^ -|- 1 similarity transformations, one with similarity ratio (1 — 2A) 
and the remaining 2^ with similarity ratio A. Consequently, the Hausdorff dimension s of 
F is determined by the equation 2^A® -l- (1 — 2A)^ = 1. Therefore s G (1, d) and the value 
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of s increases monotonically with A. Moreover, s —>■ 1 as A —)■ 0 and s —)■ d as s —)■ 1/2. 
Hence for each d there is a critical value A^ for which s<(i — 1 if A<Ad and s > d — 1 
if A > Arf. The value of Xd increases monotonically with d and A^ — )■ 1/2 as d — )■ cxd, e.g. 
A 2 = 0, A 3 = 1/3, A 4 = {^/^ — 3)/4. Now let be the complement of T in R*^. The 
uniformity properties of are quite different in the two cases d = 2 and d > 3. 

First if d = 2 then Eq is a unit square and T consists of the two diagonals of the square 
‘decorated’ with diagonal ‘antennae’ in a pattern repeated at smaller and smaller scales by 
the self-similar construction. The antennae invalidate the uniformity property for and 
the local uniformity property of Section fails at all points of T. For example the sets Qz,r 
with z E T are either separated or split by the antennae. Since d = 2 and s > 1 it follows 
that Theorem 1 1.1 is not applicable in this case. 

Secondly, if d > 3 then F consists of the diagonals of the d-dimensional unit cube again 
decorated with antennae parallel to the diagonal directions with smaller scale antennae. 
It then follows that is a uniform domain because one can now choose paths between 
pairs of points in which circumvent the antennae. The uniformity can be verihed by a 
variation of the argument given in |GSCllj . Proposition 6.30, for the von Koch snowflake. 
Therefore in this case Theorem |1.1| is applicable for all choices of A. 



Figure 2: Four copies of the Vicsek snowflake with A = 1/4 bounding interior and exterior 
domains. 

Note that if d = 2 and one applies the Vicsek snowflake construction to four copies of 
the unit square Eq centred at (±1, 0), (0, ±1), respectively, then the union of the four copies 
of the self-similar set F is a locally self-similar set F which separates into a bounded 
interior domain flint and an unbounded exterior domain flext (see Figure 2). The common 
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boundary T is Ahlfors s-regular but the uniformity properties fail for both domains. If, 
however, d > 3 and one takes a Z^periodic partition of into unit cubes and then applies 
the foregoing construction to each cube the union of the resulting self-similar sets connect 
at the corners of the cubes and form a periodic web F. This web is a closed connected 
Ahlfors s-regular set with s G (l,d), its complement = R'^\r is a uniform domain and 


the conclusions of Theorem 1.1 are valid for all possible values of s. 

Finally we consider the example of Cantor dust. The Cantor construction is similar to 
the Vicsek construction but with quite different geometric properties. 

Example 5.3 (Cantor dust in R'^) Let A G (0,1/2) and let Eq be a unit cube in R'^. Now 
dehne Ei as the union of the 2'^ corner cubes of Eq with edge length A. The self-similar set 
T obtained by iterating this procedure is invariant under 2*^ similarity transformations with 
similarity ratio A. The set T is a closed, completely disconnected, uncountable, Ahlfors 
s-regular set with s determined by 2'^A® = 1. Thus the Hausdorff dimension is given by 
dniX) = s = dlog2/log(l/A). Its value increases as A increases and takes all values in 


(0, d). Corollary 1.2 now applies. Thus ho is Markov unique if and only if 5 > l-|-(s—(d—1)). 

One can also take a periodic partition of R*^ into disjoint parallel cubes of side-length 2A 
spaced at distance 1—2A and then apply the iteration procedure to each cube. The resulting 
set is a regularly spaced cloud of Cantor dust T with Hausdorff dimension dlog2/ log(l/A). 
Corollary|1.2|is again applicable. Therefore ho is Markov unique if and only if <5 > 2-|-s —d. 


The last two examples are interesting even for non-degenerate forms ho, i.e. for the case 
d = 0. For example if ho((p) = Yl'j=i is the form of the Laplacian A and F is the 

Cantor dust cloud then A is Markov unique, or equivalently Li-unique, on R'^\F if and 
only if d > 2 -|- s. Thus the presence of the cloud influences the diffusion if and only if the 
roughness parameter A is sufficiently large that s > d — 2. A similar conclusion is valid for 
the Vicsek web if d > 3. 


Acknowledgement 

The authors are indebted to Adam Sikora who suggested that the Hardy-Rellich inequality 
could be used to identify the critical degeneracy for Markov uniqueness. The second named 
author is grateful to Michael and Louisa Barnsley for numerous discussions on fractal 
geometry. The hrst named author was partially supported by the Academy of Finland 
(grant no. 252108) during the preparation of this work. 


References 

[BH91] Bouleau, N., and Hirsch, F., Dirichlet forms and analysis on Wiener space, 
vol. 14 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, 
1991. 

[DS97] David, G., and Semmes, S., Fractured Fractals and Broken Dreams, vol. 7 of 
Oxford Lecture Series in Mathematics and its Applications. Oxford University 
Press, Oxford, 1997. 


22 






[EG92] Evans, L. C., and Gariepy, R. F., Measure theory and fine properties of 
funetions. Studies in advanced mathematics. GRG Press, Boca Raton, 1992. 

[Fal97] Falconer, K. J., Teehniques in Fraetal geometry. John Wiley & Sons Inc., 
Ghichester, UK, 1997. 

[Fal03] -, Fraetal geometry. Second edition. Mathematical foundations and applica¬ 

tions. John Wiley & Sons Inc., Ghichester, UK, 2003. 

[Fel54] Feller, W., Diffusion processes in one dimension. Trans. Amer. Math. Soe. 77 
(1954), 1-31. 

[FOT94] Fukushima, M., O shim a, Y., and Takeda, M., Diriehlet forms and symmet- 
rie Markov proeesses, vol. 19 of de Gruyter Studies in Mathematics. Walter de 
Gruyter & Go., Berlin, 1994. 

[GSGll] Gyrya, P., and Saloff-Coste, L., Neumann and Diriehlet heat kernels in 
inner uniform domains., vol. 336. Societe Mathematique de France, Paris, 2011. 

[HeiOl] Heinonen, J., Lectures on analysis and metric spaces. Universitext. Springer, 
New York, 2001. 

[HW48] Hurewicz, W., and Wallman, H., Dimension theory. Princeton Mathemati¬ 
cal Series. Princeton University press, Princeton, 1948. 

[Hut81] Hutchinson, J. E., Fractals and self-similarity. Ind. Univ. Math. J. 30 (1981), 
713-747. 

[KL09] Koskela, P., and Lehrback, J., Weighted pointwise Hardy inequalities. J. 
London Math. Soe. 79 (2009), 757-779. 

[Leh08a] Lehrback, J., Self-improving properties of weighted Hardy inequalities. Adv. 
Calc. Var. 1 (2008), 193-203. 

[Leh08b] -, Weighted Hardy inequalities and the size of the boundary. Manuscripta 

Math. 127 (2008), 249-273. 

[Lehl4] -, Weighted Hardy inequalities beyond Lipschitz domains. Proc. Amer. Math. 

Soe. 142 (2014), 1705-1715. 

[LT13] Lehrback, J., and Tuominen, H., A note on the dimensions of Assouad and 
Aikawa. J. Math. Soe. Japan 65 (2013), 343-356. 

[MR92] Ma, Z. M., and Rockner, M., Introduction to the theory of {non symmetric) 
Diriehlet Forms. Universitext. Springer-Verlag, Berlin etc., 1992. 

[MTIO] Mackay, j. M., and Tyson, J. T., Conformal Dimension, Theory and Appli¬ 
cation. University Lecture Series 54. American Mathematical Society, Providence, 
Rhode Island, 2010. 

[Mac99] MacManus, P., Gatching sets with quasicircles. Rev. Mat. Iberoamericana 15 
(1999), 267-277. 


23 



[MZ97] Maly, J., and Ziemer, P., Fine regularity of solutions of elliptie partial differ¬ 
ential equations, vol. 51 of Math. Surveys and Monographs. Amer. Math. Soc., 
Providence, 1997. 

[MS79] Martio, O., and Sarvas, J., Injectivity theorems in plane and space. Ann. 
Acad. Sci. Fenn. Ser. A I Math. 4 (1979), 383-401. 

[Maz85] Maz’ja, V. G., Sobolev spaces. Springer Series in Soviet Mathematics. Springer- 
Verlag, Berlin etc., 1985. 

[OR12] OUHABAZ, E., and Robinson, D. W., Uniqueness properties of degenerate 
elliptic operators. J. Evol. Equ. 12 (2012). 

[RS78] Reed, M., and Simon, B., Methods of modern mathematical physics IV. Anal¬ 
ysis of operators. Academic Press, New York etc., 1978. 

[Robl3] Robinson, D. W., Uniqueness of diffusion operators and capacity estimates. J. 
Evol. Equ. 13 (2013), 229-250. 

[RSlla] Robinson, D. W., and Sikora, A., Markov uniqueness of degenerate elliptic 
operators. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 10 (2011), 731-759. 

[RSllb] -, Li-uniqueness of degenerate elliptic operators. Studia Math. 203 (2011), 

79-103. 

[Sal91] Salli, a.. On the Minkowski dimension of strongly porous fractal sets in R”. 
Proc. London Math. Soc. 62 (1991), 353-372. 

[SC90] Saloff-Coste, L., Analyse sur les groupes de Lie a croissance polynomiale. 
Arkivfor Mat. 28 (1990), 315-331. 

[SemOl] Semmes, S., Some Novel Types of Fractal Geometry. Oxford Mathematical 
Monographs. Oxford University Press, Oxford etc., 2001. 

[Vai88] Vaisala, J., Uniform domains. Tohoku Math. J. 40 (1988), 101-118. 


24 



